
Angular momentum: L = r× p ⇒ L̇ = r× F ≡ Γ

dW ≡ F (r)·ds ⇒ W1→2 =
∫ 2

1

ds · F (r) =
∫ 2

1

ds ·
(

m
dv
dt

)
= m

∫ 2

1

dt
d

dt

1
2
v2 =

1
2
mv2

2−
1
2
mv2

1

If ∇ × F = 0 and
∮

ds · F(r) = 0, then F (r) = −∇U (r) and W = −
∫ 2

1

ds ·
∇U(r) = −U2 + U1

Center of mass:
∑

i

miri =
∑

i

miR ⇒ R = M−1
∑

i

miri

MR̈ =
∑
i

ṗi =
∑
i

F(e)
i +

∑
i

∑
j 6=i

Fji =
∑
i

F(e)
i + 1

2

∑
ij

(Fij + Fji) =
∑
i

F(e)
i ≡ Fi

0.1 Central Force Motion

F(r) = r̂f(r) ⇒ ∇× F = 0 so F = −∇V (r) = −r̂ dV (r)
dr

Since the force F is radial, we have L̇ = Γ = r × F = 0 ⇒ l = r × p =
constant. Hence the motion is planar since r · l = r · (r× p) = 0.
For this conservative force, we can write down the total energy as a constant
quantity: E = 1

2m
(
ẋ2 + ẏ2

)
+ V (r) = 1

2m
(
ṙ2 + r2φ̇2

)
+ V (r).

For x-y planar motion, l = lz = m (xẏ − yẋ) = mr2φ̇ hence dA = 1
2r(rdφ) =

1
2r2φ̇dt ⇒ Ȧ = l

2m = const, Kepler’s 2nd Law.
Now, φ̇ = l

mr2 implies we should define Veff(r) = V (r) + l2

2mr2 so that the equa-
tion E = 1

2mṙ2 + Veff(r) appears one-dimensional. The two-dimensionality of
the orbit rests in the term l2

2mr2 , which acts like a repulsive centrifugal barrier
at small r.
Instead of using ~x, ~̇x to describe the motion, we can use E,~l, t0 and φ0 (this is 6

variables, just like ~x, ~̇x) as follows: Solving for dt, t = ± (
1
2m

)1/2
∫ r

dr [E − Veff(r)]−1/2+

t0. Invert to get r(t) and solve for φ using l = mr2φ̇ to get φ = lm−1

∫ t

dt [r(t)]−2+

φ0. Ignoring time dependance, the geometric orbit r(φ) is obtained from ṙ =
(dr/dφ)φ̇ = (dr/dφ)(l/mr2) so that E = m

2

[
(dr/dφ)(l/mr2)

]2 + Veff(r) and

φ = ±l(2m)−1/2

∫ r

drr−2[E − Veff(r)]−1/2 + φ0

0.2 Lagrangian Dynamics

ṗi = F
(a)
i + Ri, where F

(a)
i is the applied force and Ri is the reaction force

(force of constraint). Multiply by the ith virtual displacement and sum over all
the coordinates,

∑
i(F

(a)
i + Ri− (̇p)i)δxi = 0, where

∑

i

Ri = 0. In constrained

motion, the δxi are not independant. However, the the δqi are independant
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by construction. Hence we convert this equation to generalized coordinates
(n = 3N) and assume k constraints:

∑

i

ṗiδxi =
∑

i

Fiδxi

n−k∑
σ=1

(∑

i

mi
dẋi

dt

∂xi

∂qσ

)
δqσ =

n−k∑
σ=1

(
n∑

i=1

Fi
∂xi

∂qσ

)
δqσ

∑
σ

(∑

i

mi

[
d

dt

(
ẋi

∂xi

∂qσ

)
− ẋi

d

dt

∂xi

∂qσ

])
δqσ =

∑
σ

Qσδqσ

∑
σ

(∑

i

[
d

dt

[
∂

∂q̇σ

(
1
2

∑

i

miẋ
2
i

)]
−miẋi

∂

∂qσ

∂xi

∂t

])
δqσ =

∑
σ

Qσδqσ

d

dt

∂T

∂q̇σ
− ∂T

∂qσ
= Qσ

(1)

In the above, one can expand out d
dt

(
∂xi

∂qσ

)
and ∂

∂qσ

(
dxi

dt

)
separately to prove

that they are equal. Also, the differential dxi =
∑

σ(∂xi/∂qσ)dqσ +(∂xi/∂t) can
be used to prove the relation (∂xi/∂qσ) = (∂ẋi/∂q̇σ). Now, Qi =

∑
i Fi

∂xi

∂qσ
=

−∑
i

[
∂

∂xi
V ({x}, t)

]
∂xi

∂qσ
= − ∂

∂qσ
V (q1, . . . , qn−k, t), hence we obtain

d

dt

∂L

∂q̇σ
− ∂L

∂qσ
= 0

where L = T − V for V indepedant of {q̇}.
Calculus of Variations: The problem is to minimize the integral

∫ x2

x1

φ(y, y′, x)dx.

Let y(x) be the function which minimizes the integral and Y (x) = y(x)+ εη(x),
where ε is small and η(x) is an arbitrary function which vanishes at the end-
points. Then

I(ε) =
∫ x2

x1

φ [Y (x), Y ′(x), x] dx =
∫ x2

x1

φ(y, y′, x)dx+ε

∫ x2

x1

[
∂φ

∂y
η(x) +

∂φ

∂y′
η′(x)

]
dx+O(ε2)

where we have
[

dI(ε)
dε

]
ε=0

, whence

∫ x2

x1

[
∂φ

∂y
η(x) +

∂φ

∂y′
η′(x)

]
dx = 0

and integrating by parts,
∫ x2

x1

η(x)
(

∂φ

∂y
− d

dx

∂φ

∂y′

)
dx = 0 ⇒ ∂φ

∂y
− d

dx

∂φ

∂y′
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Alternatively we can define the variations

Y (x)− y(x) = εη(x) ≡ δy(x)
Y ′(x)− y′(x) = εη′(x) ≡ δy′(x)

φ [Y (x), Y ′(x), x]− φ [y(x), y′(x), x] ≡ δφ

(2)

A Talyor series in δφ is

δφ =
∂φ

∂y
εη +

∂φ

∂y′
εη′ =

∂φ

∂y
δy +

∂φ

∂y′
δy′

The variation in the integral over δφ is zero,

I(ε) =
∫ x2

x1

(
∂φ

∂y
δy +

∂φ

∂y′
d

dx
δy

)
dx =

∫ x2

x1

δy

(
∂φ

∂y
+

d

dx

∂φ

∂y′

)
dx = 0

⇒ ∂φ

∂y
+

d

dx

∂φ

∂y′
= 0.
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